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0. Introduction

In the geometry of real hypersurfaces in complex or quaternionic space forms it can be easily checked that there do not
exist any real hypersurfaces with parallel shape operator A by virtue of Codazzi's equation.

However, in such kinds of space forms the proof of non-existence is not so easy if we consider a real hypersurface with
a parallel Ricci tensor, that is, VS = 0. In a class of Hopf hypersurfaces, Kimura [1] has asserted that there do not exist any
real hypersurfaces in a complex projective space CP™ with a parallel Ricci tensor. Moreover, he has given a classification of
Hopf hypersurfaces in CP™ with commuting Ricci tensor, that is S¢ = ¢S (see [2]) and showed that M is locally congruent
to one of real hypersurfaces of type A1, A,, B, C, D and E, that is, respectively, a tube of certain radius r over a totally geodesic

CP¥, a complex quadric Q™~!, CP! x CP %, a complex two-plane Grassmannian G, (C>) and an Hermitian symmetric space
S0(10)/U(5).
On the other hand, in a complex hyperbolic space CH™ Ki and the present author [3] have given a complete classification
of Hopf hypersurfaces in CH™ with a commuting Ricci tensor and proved that M is locally congruent to a horosphere, a
geodesic hypersphere, a tube over a tally geodesic CH* in CH™.
In a quaternionic projective space HP™ Pérez [4] has considered the notion of S¢; = ¢:S,i = 1, 2, 3, for real hypersurfaces
g

in HP™ and classified that M is locally congruent to type A;, or type A,, that is, a tube over HP* with radius 0 < r < e
Moreover, in [4] he has also classified that real hypersurfaces in HIP™ with a parallel Ricci tensor are locally congruent to an

open subset of a geodesic hypersphere whose radius r satisfies cot? r = ﬁ
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Now let us denote by G,(C™2) the set of all complex 2-dimensional linear subspaces in C™*2. Then the formula
concerned with the Ricci tensor mentioned above is not so simple if we consider a real hypersurface in complex two-plane
Grassmannians G, (C™?) (see [5-10]).

In this paper we study an analogous question related to the Ricci tensor S of real hypersurfaces in complex two-
plane Grassmannians G,(C™"?). The ambient space G,(C™"?) has a remarkable geometric structure. It becomes a compact
irreducible Riemannian symmetric space equipped with both a Kahler structure J and a quaternionic Kahler structure J not
containing J (see [11]).

In other words, G,(C™*?) is the unique compact, irreducible, Kihler, quaternionic Kihler manifold which is not a
hyperkdhler manifold. So, we have considered two natural geometric conditions that the 1-dimensional distribution [£] =
Span {£} and the 3-dimensional distribution © = Span {&;, &,, &3} for real hypersurfaces in G, (C™*?) are invariant under
the shape operator. By using such two conditions and the results in [12], Berndt and the present author [5] proved the
following:

Theorem A. Let M be a connected real hypersurface in G,(C™2), m > 3. Then both [£] and D are invariant under the shape
operator of M if and only if

(A) M is an open part of a tube around a totally geodesic G,(C™ 1) in G,(C™*+2), or
(B) m s even, say m = 2n, and M is an open part of a tube around a totally geodesic HP" in G,(C™*2).

If the structure vector field £ of M in G,(C™"2) is invariant under the shape operator, that is, Af = &, @ = g(A£, &),
M is said to be a Hopf real hypersurface. In such a case, the integral curves of the structure vector field £ are geodesics (see
[6]). Moreover, the flow generated by the integral curves of the structure vector field £ for Hopf hypersurfaces in G,(C™?)
is said to be a geodesic Reeb flow. Moreover, we say that the Reeb vector field is Killing, that is, L¢g = 0, where L denotes
the Lie derivative along the direction of the Reeb vector field £ and g the Riemannian metric induced from G,(C™2). Then
this is equivalent to the fact that the structure tensor ¢ commutes with the shape operator A of M in G,(C™+?).

When the Ricci tensor S of M in G,(C™"?) commutes with the structure tensor ¢, we say that M has a commuting Ricci
tensor.

In the proof of Theorem A we have proved that the 1-dimensional distribution [£] is contained in either the 3-dimensional
distribution ©* or in the orthogonal complement © such that T,M = © @©*. The case (A) in Theorem A is just the case that
the 1-dimensional distribution [£] belongs to the distribution ®. Of course, the Reeb vector field & of real hypersurfaces
of type (A) is known to be Killing (see [6]). Then the commuting structure tensor implies the Ricci commuting. Moreover,
we have given a characterization of type (A) in Theorem A in terms of the Lie derivative of the shape operator A along the
direction of the Reeb vector field &, that is, £zA = 0 (see [9]). Then it can be easily checked that these kinds of hypersurfaces
naturally satisfy £¢S = 0 for the Ricci tensor of M in G,(C™2). When the Ricci tensor satisfies the formula £:S = 0, it is
said to be a &-invariant Ricci tensor.

On the other hand, it is not difficult to check that the Ricci tensor S of real hypersurfaces of type (B) mentioned in
Theorem A can not commute with the structure tensor ¢ and can not parallel. From such a view point it must be a natural
problem to know ceratin hypersurfaces in G, (C™*2) with a commuting Ricci tensor. Along this direction we want to introduce
a theorem due to the present author [13] as follows:

Theorem B. Let M be a Hopf real hypersurface in G,(C™+2), m > 3, with commuting Ricci tensor. Then M is congruent to a tube
of radius r over a totally geodesic Go(C™*1) in G,(C™+?).

Motivated by such a theorem, the main result of this paper is to give a characterization of real hypersurfaces of type (A)
in G,(C™*?) with a vanishing Lie derivative of the Ricci tensor S along the direction of the Reeb vector field £, LS =0, that
is, the &-invariant Ricci tensor. Then we assert the following

Theorem. Let M be a Hopf real hypersurface in G,(C™2), m > 3, with &-invariant Ricci tensor. Then M is congruent to a tube
of radius r over a totally geodesic Go(C™*1) in Go(C™+?).

In Section 1 we recall Riemannian geometry of complex two-plane Grassmannians G,(C™2). In Section 2 we will show
some fundamental properties of real hypersurfaces in G,(C™*2). In Section 3 the formulas for the Ricci tensor S and its Lie
derivative «£;S along the direction of the Reeb vector field & will be shown explicitly. Also in this section we will give a
complete proof of the main theorem.

1. Riemannian geometry of G,(C™*?)

In this section we summarize basic material about G,(C™?), for details we refer to [11,5,6]. By G,(C™"?) we denote the
set of all complex two-dimensional linear subspaces in C™*2. The special unitary group G = SU(m + 2) acts transitively on
G,(C™*2) with stabilizer isomorphic to K = S(U(2) x U(m)) C G. Then G,(C™*?) can be identified with the homogeneous
space G/K, which we equip with the unique analytic structure for which the natural action of G on G,(C™2) becomes
analytic. Denote by g and ¢ the Lie algebra of G and K, respectively, and by m the orthogonal complement of ¢ in g with
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respect to the Cartan-Killing form B of g. Then g = £ @ m is an Ad(K)-invariant reductive decomposition of g. We put 0 = eK
and identify T,G,(C™2) with m in the usual manner. Since B is negative definite on g, its negative restricted to m x m
yields a positive definite inner product on m. By Ad(K)-invariance of B this inner product can be extended to a G-invariant
Riemannian metric g on G, (C™"2). In this way G,(C™*?) becomes a Riemannian homogeneous space, even a Riemannian
symmetric space. For computational reasons we normalize g such that the maximal sectional curvature of (G,(C™*?), g) is
eight.

When m = 1, G,(C3) is isometric to the two-dimensional complex projective space CP? with constant holomorphic
sectional curvature eight.

Whenm = 2, we note that the isomorphism Spin(6) ~ SU(4) yields an isometry between G,(C*) and the real Grassmann
manifold G;“ (R®) of oriented two-dimensional linear subspaces in R®. In this paper, we will assume m > 3.

The Lie algebra ¢ has the direct sum decomposition ¢ = su(m) @ su(2) & R, where R is the center of £. Viewing ¢ as the
holonomy algebra of G, (C™*2), the center 9% induces a Kahler structure J and the su(2)-part a quaternionic Kihler structure J
on G,(C™*2).If ], is any almost Hermitian structure in J, then Jj, = J,J, and JJ, is a symmetric endomorphism with (JJ, )% = I
and tr(JJ,) = 0. This fact will be used in the next sections.

A canonical local basis {J1, J», J3} of J consists of three local almost Hermitian structures J, in J such that},J, 11 = Jo42 =
—Jv+1Jy, where the index is taken as module three. Since J is parallel with respect to the Riemannian connection V of
(G,(C™*2), g), there exist a canonical local basis {J1, J», J3} of J and three local 1-forms g4, g2, g3 such that

6XJv = QV+2(X)JV+1 - qv+1(X)]u+2 (1-1)

for all vector fields X on G, (C™*+?). .
Moreover, in [11] it is known that the Riemannian curvature tensor R of G, (C™*2) is locally given by

RX,Y)Z = g(Y,Z2)X —g(X,2)Y +g(Y, 2)JX — g(X, 2)JY — 2g(X, Y)JZ
3 3

+ D AU, DIX = 21X, DLY — 280X ILZY + Y _{UuY, DX — gUuX, DLIYY,  (12)

v=1 v=1

where {J;, J, J3} is any canonical local basis of J, X, Y and Z, any vector fields on G,(C™?).

2. Some fundamental formulas for real hypersurfaces in G, (C™*2)

In this section we derive some fundamental formulas which will be used in the proof of our main theorem. Let M be a real
hypersurface in G,(C™?), that is, a submanifold in G,(C™*2) with real codimension one. The induced Riemannian metric
on M will also be denoted by g, and V denotes the Riemannian connection of (M, g).

Now let us put

X =¢X+nXN, X =¢X+nXN (2.1)

for any tangent vector X of a real hypersurface M in G,(C™*2), where N denotes a unit normal vector field of M in G, (C™*2).
From the Kahler structure J of G, (C™*?2) there exists an almost contact metric structure (¢, £, 1, g) induced on M in such
a way that

P°X =—X+nXE, nE =1, ¢£=0, nX)=gKX,&) (2.2)

for any vector field X on M.

On the other hand, from the quaternionic Kdhler structure {J1, J», J3} of J and the expression of (2.1) we have an almost
contact metric 3-structure (¢,, &,, 1, £),v = 1, 2, 3 on M. Moreover, from the commuting property ofJ,J = JJ,,v =1, 2, 3,
in Section 1 and (2.1), the relation between these two contact metric structures (¢, &, n, g) and (¢,, &, 1, &), v =1,2,3
can be given by

¢v+1£:v = _Ev+2a ¢v§v+l = §v+27

¢$U = ¢v$! nv(d)x) = ﬂ(d’ux)» (2 3)
¢v¢v+1x = ¢1}+2X + nv+1(x)$vv ’
Gr11PuX = —p2X + 1y (X)Ev 11

for any vector field X on M. _
Using the above expressions (1.2) and (2.1) for the curvature tensor R, the Gauss and the Codazzi equations are
respectively given by

RX.Y)Z = g(Y, D)X —g(X,2)Y + (@Y, 2)pX — g(¢X, Z)pY — 28(¢X. Y)¢Z

3
+ Z{g(¢vY, )P X — g(DuX, 2)pyY — 28(¢X, V)P Z}

v=1
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3 3
+ ) {8(@upY, D)o pX — 2(du$X, D)upY} — Y (V)0 @)y pX — n(X)nu (2)pyY)

=1 v=1
3
- Z{U(X)g(quY, Z) —n(Y)g(vdX, 2)}6, + g(AY, Z)AX — g(AX, Z)AY
v=1

and

3
(VxA)Y — (WWAX = n(X)pY — n(Y)$X — 2g(oX, Y)E + Z{UU(X)%Y —m(NPX — 28(hX, )&}

v=1
3 3
+ D i (@X)upY — 1, (@V)$udX} + D (1)1, ($Y) — n(V)nu(@X))E, ,
v=1 v=1

where R denotes the curvature tensor and A the shape operator of a real hypersurface M in G, (C™2).
Then from the formulas (1.1) and (2.1), together with (2.2) and (2.3), the Kahler structure and the quaternionic Kdhler
structure of G,(C™*2) give the following

(Vx@)Y = n(Y)AX — g(AX, Y)§, Vx& = ¢AX, (2.4)
Vxéy = qui2(X)Ev41 — Qur1XDé12 + DLAX,
(Vx$n)Y = —qu1(X)Pui2Y + quia(X) Py 1Y + o (Y)AX — g(AX, Y)§,.

Summing up these formulas, we find the following

Vx (¢’u5) = VX(¢$\))

= (Vxd)&w + $(Vxky)
= Qu2X)Pv118 — Qo1 (X)Pv128 + dPAX — g(AX, §)§, + n(6,)AX. (2.7)
Moreover, from JJ, = J,J, v = 1, 2, 3, it follows that
PP X = X + 0, (X)§ — n(X)§,. (2.8)

3. Proof of main theorem

In this section, we consider a Hopf real hypersurface in G,(C™"2) with &-invariant Ricci tensor, that is, £sS = 0, along the
direction of the Reeb vector field &. Before giving the proof of our main theorem, let us check “what kind of hypersurfaces
given in Theorem A satisfy the formula LS = 0”.

In other words, it will be an interesting problem to know whether there exists a kind of hypersurface M in G, (C™*+2) with
a Lie vanishing Ricci tensor. Then the &-invariant Ricci tensor £¢S = 0 gives
(LS)X = L£(SX) — SLeX
Ve (SX) — Vsx€ — S(VeX — V&)
(VeS)X — Vsx& + SVyé
= (VeS)X — pASX + SpAX
=0

for any vector field X on M. Then the assumption LS = 0 holds if and only if (V:5)X = ¢ASX — S¢AX. In this section, we
will show that only a tube of certain radius r over a totally geodesic G, (C™*") in G,(C™*?) satisfies the formula LS =0.

Now let us contract Y and Z in the equation of Gauss in Section 2. Then the Ricci tensor S of a real hypersurface M in
G,(C™*?) is given by

4m—1

Z R(X, e,»)e,-

i=1

SX

3 3
= (4m+ 100X = 3n(X)& — 3> nuX)&, + Y _{(Trgud)pudX — ($,9)°X}
v=1 v=1

3 3
= D i E)pudX — nCOPudE) — Y ((Tr pupIn(X) — (v pX)}E, + hAX — A’X, (3.1)

v=1 v=1
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where h denotes the trace of the shape operator A of M in G,(C™"2). From the formula Jj, = J,J, TrJJ, = 0,v = 1, 2, 3, we

calculate the following for any basis {eq, ..., e4m—1, N} of the tangent space of G, (C™*2)
0 = TrJj,
4m—1

= > gWew e +gUN. N)
k=1

= Tr¢¢, — nv(§) — g(UuN, JN)
= Tr¢¢, — 2n,(§) (32)
and (2.8) gives that

@v9)’X = $ud(PpuX — 0, (X)E + n(X)5,)
= ¢y (=X + n($,X)E) + n(X), €
=X = (X)é0 + (X)) + n(X){—§ + nu(5)E}. (3.3)
Substituting (3.2) and (3.3) into (3.1), we have

3 3
SX = (4m + 10)X — 35008 =3 Y 1, (0& + Y (1.E)dudX — X — 1@ X)bu& — n(X)n, (§)E} + hAX — AX

v=1 v=1

3 3
= (4m+7X —300& =3 n(0& + Y (1 E)udX — n(@X)puE — nCON,(§)E)} + hAX — AX.  (34)
v=1 v=1

Now in order to compute the commuting Ricci tensor, we calculate the following

3 3
SPX = (4m + )pX =3 Y nu(@X)E + Y _ (0 (E)pud’X — n(du$X)PE — n(@X)nu(€)E,) + hAGX — A’pX  (3.5)
v=1 v=1

and

3 3
$SX = =3 n(X)PEs + Y 10 (E)pDudX — X — n(@X)dE — n(X)nu ()&} + hpAX — pA’X. (3.6)
v=1 v=1

Then from (3.5) and (3.6) it follows that

3 3
(@S —SH)X = —4 Y 1, (X)pE, +4 Y nu(@X)E, + h(pA — AP)X — ($A” — A*P)X. (3.7)
v=1 v=1

So we are able to calculate the following

Tr (¢S — S¢)* = hTr (pA — Ap) (¢S — S¢) — Tr (PA” — A%p) (¢S — S¢)
3 3
—4) Tr(n ® &) (@S —SP) +4)_Tr(nod ®E)(PS — S). (38)
v=1 v=1

On the other hand, the terms in the right side of (3.8) are respectively given by
Tr (17, ® ¢§,)(¢S — S¢) = Zg(nu((cbs — Sp)e)ds,, ej)
i

= Zg((qbs —S¢)ei, £,)g (6, e) = g((PS — SP) 6., &)
= —g(¢&,, (¢S — S¢)§,) (3.9)

and

Tr(ny o ¢ ®&,)(PS —SP) = Zg(r/v((QﬁZS — ¢SP)es,, ej)

= 0, ((#*S — ¢SP)E,) = —g (@S — SP)&,, PE,). (3.10)
Then by (3.9) and (3.10), the formula (3.8) becomes
Tr (¢S — S¢)* = hTr (pA — AB) (¢S — S¢) — Tr (pA” — A’¢) (¢S — S¢b)
= —Tr (pA* — A$) (¢S — S¢).
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From this, the right side becomes
Tr (pA® — A29) (¢S — S¢p) = Tr, pA*pS — Tr, A2p%S — Tr, pA>S¢ + Tr, A2¢S¢
= 2Tr pA2¢pS — Tr, A2p?S — Tr, pAS¢h.
On the other hand, the symmetry of V¢S = ¢AS — S¢A, which is equivalent to L¢S = 0, gives
(PA — AP)S = S(pA — Ad).
This implies
HA(PAS — SPA + SAp — AgS) = 0,
so that we know
Tr pASAP = Tr pA*$S.
Then from (3.11) and (3.12) it follows that
Tr (¢S — S¢)* = —Tr (PA* — A’p) (¢S — S¢)
= Tr ¢*SA? + Tr ¢p2A%S — 2Tr $?ASA.
On the other hand, the right side of (3.13) can be calculated term by term as follows:
TR ¢p?ASA = Tr (—ASA + 1(ASA)E) = —Tr ASA + n(ASAE),
TR $?SA? = Tr (—SA? + n(SA®)€) = —TrSA? + n(SA%%),
and
TR ¢p*A%A = Tr (—A%S + 1(A®S)E) = —Tr A%S + 1(A’SE).
Substituting these formulas into (3.13) gives the following
Tr (¢S — S¢)* = —3TrSA> + n(SA’€) — TrA®S + n(A°SE) + 2Tr ASA — 2n(ASAE)
= 21(SA*€) — 2n(ASAE).

Now from the expression of the Ricci tensor (3.4) for the Reeb vector field &, we have the following respectively

3
S& = 4(m+ & —4)  n,(E)§, + hAE — A%,

v=1

and

3
N(SA’E) = 4m + DAL |* — 4 Y n,(5)g(&, A%E) + hg(AE, A) — g(A’€, A%E),

v=1

N(ASAE) = g(SAE, AE)
(4m + 7)g (A, AE) — 3n(AE)” — 3 Z N, (A)” + Z{nv(%‘)g(tbvqﬁAS AE) — n(p,AE)Z(puE ., AE)
— n(A&)n, (€)1, (AE)} + hg(A%E, AS) g(A%, AS)
Then the formula (3.14) for M in G,(C™*?) becomes

Tr (¢S — S¢)* = 2n(SA*€) — 2n(ASAE)

3 3 3
= —6lIAEI> + 6n(AE)* + 6 ) 1,(AE)* —8 ) mu(E)nu(A%E) — 2 ) (0. (E)g (o PAE, AE)

v=1 v=1 v=1

+ 1(PyAE)? — n(AE)n, (§)1, (AE)).

813

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

From this, together with (2.2)-(2.4) and the notion of Hopf, the right side of (3.15) should be vanishing for a Hopf hyper-
surface M in G,(C™"?) satisfying LS = 0. This gives that the Ricci tensor S commutes with the structure tensor ¢, that is,

S¢ = ¢S. Then by Theorem B we can assert our main result. This gives a complete proof of our main theorem.
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